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Abstract
The Lie symmetry method is applied to derive the point symmetries for the N -
dimensional fractional heat equation. We find that that the numbers of symmetries and
Lie brackets are reduced significantly as compared to the nonfractional order for all the
dimensions. In fact for integer order linear heat equation the number of solution symme-
tries is equal to the product of the order and space dimension, whereas for the fractional
case, it is half of the product on the order and space dimension. We have classified the
symmetries and discussed the Lie algebras and conservational laws. We generalise the
number of symmetries to the n-dimensional heat equation.
Keywords: Lie symmetries, solutions, conservation laws, fractional partial differential
equations
1 Introduction
Fractional differential equations (FDEs) are generalisations of differential equations of integer
order. The most important advantage of FDEs in many applications is their nonlocal property.
It is known that some real physical phenomena are dependent not only upon their current
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state, but also upon their historical (nonlocal) property which can be successfully modelled
by using FDEs. Fractional partial differential equations (FPDEs) appear in various research
and engineering applications such as physics, biology, rheology, viscoelasticity, control theory,
signal-processing system-identification and electrochemistry.
Several methods have been developed to find solutions of FPDEs. Some of the methods found
in the literature include the exponential function method, the fractional subequation method,
the first integral method, the G′/G expansion method and the Lie symmetry method.
Lie symmetry analysis provides a way of dealing with differential equations and systems thereof.
The theory of Lie group analysis is used mainly to construct similarity reductions and invariant
solutions and for obtaining conservation laws. Lie symmetries are also used to reduce the order
of the differential equation as well as the number of independent variables. Lie symmetry
analysis has been applied extensively in differential equations of integral order. Recent studies
on Lie symmetry analysis now focus on fractional differential equations. The Lie symmetry
analysis of differential equations has been extended to FDEs by Gazizov et al (2007) who
derived a prolongation formula for the Riemann-Liouville derivative, enabling one to determine
its Lie point symmetries. Others, for example, Wang et al (2015) conducted a study on Lie
symmetries and conservation laws of time-fractional nonlinear dispersive equation. Lashkarian
and Reza Hejazi (2017) showed that, by using Lie analysis, an FPDE can be reduced to an
fractional ordinary differential equation (FODE). Yas¸ar et al (2016) and Rui and Zhang (2016)
have obtained conservation laws for time-fractional partial differential equations. Wang et al
(2013), Djordjevic and Atanackovic (2008) and Sahadevan and Bakkyaraj (2012) reduced an
FPDE to a nonlinear FODE using the theory of Sophus Lie.
In our present study we present the classification of symmetries of fractional order arising from
a study of a time-fractional heat equation
Dαt u = ∇
2u, (1)
where 0 < α ≤ 1 and the Laplacian, ∇, may take any number of space dimensions. Moreover
we investigate the Lie algebras and derive conservation laws arising from the study of heat
equation of fractional order. Gazizov et al (2009) considered a one-dimensional nonlinear time-
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fractional diffusion equation and derived the Lie point symmetries and the Lie Brackets using
both the Riemann-Liouville and the Caputo derivatives. Lukashchuk (2015) extended their
work by constructing conservation laws for the time-fractional diffusion equation. We extend
this work by considering the N-dimensional linear time-fractional diffusion equation. We classify
the symmetries, obtain the Lie Brackets and derive conservation laws corresponding to each of
the Lie point symmetries of the time-fractional diffusion equations.
This paper is divided as follows: In Section 2 we give the expression for Riemann-Liouville
fractional derivative and provide references wherein some definitions and properties of the
Lie group method to analyse fractional partial differential equations (FPDEs) are given. In
Sections 3, 4 and 5, we present the group analysis of one- to four-dimensional integeral and
time-fractional heat equations. In Section 7 we present conservation laws of both fractional
and integer-valued heat equations and in Section 8 we summarize the results and conclude.
2 Preliminaries
The fractional derivative is given in several forms in the literature. Several definitions of
the fractional derivative such as the Riemann-Liouville, the Gru¨wald-Letnikov, the Weyl, the
Caputo, the Riesz and the Miller and Ross have been used by different researchers. In this
article we follow the definition of the Riemann-Liouville fractional derivative given by
Dαt u(t, x) =


∂mu
∂tm
, α = m ∈ N ;
1
Γ(m−α)
∂m
∂tm
∫ t
0
u(τ,x)
(t−τ)α+1−m
dτ, m− 1 < α < m,m ∈ N.
Symmetry analysis of fractional partial differential equations has been summarized in Sahade-
van and Bakkyaraj (2012), Yas¸ar et al (2016), Wang et al (2013) and many others. We explain
briefly the method here. The reader can also refer to the articles mentioned before and refer-
ences therein.
Let a fractional pde be of the form
F (t, xi, u, uxi, uxixi, u
α
t , uxixixi , .....) = 0, (2)
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with 0 < α < 1, t and xi for i = 1, 2, ...n, represent the independent variables, u as the
dependent variable, uxi, uxixi, uxixixi are the first, second and third derivatives of u with respect
to xi’s. The fractional pde (2) is invariant under a one parameter point transformation
t˜ = t+ ǫξ0(t, xi, u) +O(ǫ
2),
x˜i = xi + ǫξ
i(t, xi, u) +O(ǫ
2), i = 1, 2, ...n
u˜ = u+ ǫη(t, xi, u) +O(ǫ
2),
(3)
where ǫ represents an infinitesimal parameter, if and only if
(u˜, t˜, x˜i)|ǫ=0 = (u, t, xi), i = 1, 2, ...n. (4)
The Lie group G of transformations consisting of the infinitesimal transformations are generated
by
Γ = ξ0(t, xi, u)∂t + ξ
i(t, xi, u)∂xi + η(t, xi, u)∂u,
where ξ0, ξi and η are the generators of the infinitesimal transformation with respect to t, xi
and u. This group G is admitted by the fractional pde (2).
2.1 The conservation laws
We mention the preliminaries for the conservation laws of the time fractional heat equation. A
vector field, C = (Ct, Cx), where
Ct = Ct(t, x, u, ux, · · · ),
Cx = Cx(t, x, u, ux, · · · ) (5)
is called a conserved vector if it satisfies the conservation equation,
DtC
t +DxC
x = 0, (6)
on all solutions of (1). Equation(6) is called a conservation law for (1) (Lukashchuk,2015). A
conserved vector is called a trivial conserved vector for equation (1) if its components Ct and
Cx vanish on the solution of this equation.
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For the time-fractional diffusion equation, (1), with the Riemann-Liouville fractional derivative4
is given by
Ct = Dn−1t (0I
n−α
t u), C
x = −ux, n = 1, 2.
Lukashchuk (2015) gives these components as
Cti = φ(0I
1−α
t (Wi)) + J(Wi, φt),
Cxi = φxWi − φWix,
for α ∈ (0, 1), where i corresponds to the number of appropriate symmetries of (1).
Hence we need to determine the conserved vectors, (Ct, Cx), in each case.
The formal Lagrangian can be introduced as
L = a(t, x, y, z, w, · · · )(D1−αt u−∇
2u),
where a(t, x, y, z, w, · · · ) is a new dependent variable (Ibragimov, 2011; Lukashchuk, 2015; Cao
& Lin, 2014). The Action Integral is
∫ T
0
∫
Ω
L(t, x, u, a, uxx)dtdx.
Then the Euler-Lagrange equation (Agrawal, 2002; Atanackovi et al, 2009) for the fractional
variational principle can be written as
δ
δu
=
∂
∂u
+D(αt )
∗ ∂
∂Dαt
u−Dx
∂
∂ux
+D2x
∂
∂uxx
,
where (Dαt )
∗ is the adjoint operator of the right Riemann-Liouville derivative of order α
(Ananackovi et al, 2009). Therefore, the adjoint equation for the linear heat equation is
(Dαt )
∗a− axx = 0.
When the adjoint equation for the fractional-time heat equation is satisfied for all solutions,
u(t, x), upon a substitution a = φ(t, x, u) such that φ(t, x, u) 6= 0, then it is called nonlinearly
4 the conservation law for (1) with respect to the Caputo derivative is Ct =0 I
n+1−α
t
Dtu (Lukashchuk, 2015)
self-adjoint.
Therefore, the conserved components can be mentioned as [9, 12]
ct = ξ0L+
n−1∑
m=0
(−1)mD1−αt (W )D
m
t
∂L
uαt
− (−1)nJ
(
W,Dnt
∂L
uαt
)
(7)
where J and W can be defined as
J(f, g) =
1
Γ(n− α)
∫ t
0
∫ T
t
f(τ, x)g(µ, x)
(µ− τ)α+1−n
dµdτ.
W = η − ξ0ut −
n∑
i=1
ξiuxi,
(8)
where τ and µ are independent variables for f and g. They satisfy the property that
DtJ(f, g) = ftI
n−α
T g − g0I
n−α
t f,
where tI
n−α
T is the right Riemann-Liouville derivative of order n − α. φ(t, x) 6= 0 is nonlinear
self-adjoint as defined in Lukshchuk (2015).
3 Lie point symmetries of the one-dimensional heat equa-
tion
3.1 Lie point symmetries of the heat equation when α = 1.
We perform the Lie symmetry analysis of the one-dimensional heat equation,
ut = uxx. (9)
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We obtain the differential operators,
Γ1 = ∂x,
Γ2 = 2t∂x − ux∂u,
Γ3 = ∂t,
Γ4 = 2t∂t + x∂x,
Γ5 = 4t
2∂t + 4tx∂x − u(2t+ x
2)∂u,
Γ6 = u∂u,
Γ7 = F (x, t)∂u, (10)
where F (x, t) satisfies
Ft − Fxx = 0.
The symmetry Γ3 is called a time-translational symmetry, Γ1 and Γ2 are solution symmetries,
whereas Γ6 is the homogeneity symmetry and Γ7 is the infinite-dimensional symmetry.
The nonzero Lie Brackets are
[Γ3,Γ2]LB = Γ1, [Γ3,Γ4]LB = 2Γ3,
[Γ3,Γ5]LB = −2Γ6 + 4Γ4 [Γ1,Γ2]LB = −Γ6,
[Γ1,Γ5]LB = 2Γ2, [Γ1,Γ4]LB = Γ1,
[Γ2,Γ4]LB = −Γ2, [Γ4,Γ5]LB = 2Γ5.
As it is well known the Lie Algebra is
2A1 ⊕s sl(2, R)⊕s A1 ⊕s∞A1.
3.2 Lie point symmetries of the one-dimensional time-fractional heat
equation
We consider the time-fractional heat equation in one-dimensional space
Dαt u(x, t) = uxx, (11)
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where 0 < α < 1. The Lie symmetries thereof are given by
Γ01 = ∂x,
Γ02 = 2t∂t + αx∂x,
Γ03 = u∂u,
Γ04 = F (x, t)∂u. (12)
The fourth symmetry, Γ04, is called the infinite-dimensional symmetry, where F is a solution
of equation (11). It occurs as a result of the linearity of (11) in u. We note that for this
fractional case we do not have a time-translation symmetry, ∂t. Furthermore, we have only one
solution symmetry Γ01 which is a reduction by one from the nonfractional case. By inspection,
we see that the Lie Algebra is A1⊕A2⊕∞A1. The Lie Bracket relations among the first three
symmetries in equation (11) are represented in the table below:
[, ] Γ01 Γ02 Γ03
Γ01 0 0 2αΓ01
Γ02 0 0 0
Γ03 −2αΓ01 0 0,
where each entry, Aij, constitutes the Lie Bracket [Γi,Γj]LB of two symmetries from equation
(12) for 1 ≤ i, j ≤ 3. We note that Γ01 generates space translations, Γ03 reflects the homogeneity
property of the equation (11) whereas the Γ02 is the dilation symmetry. Symmetries Γ01 to Γ03
generate the Lie algebra A1⊕A2. The Lie Bracket relations satisfied by this three-dimensional
algebra are represented in Table 3.2. The nonzero Lie Bracket relation of the Lie algebra is
[Γ01,Γ03]LB = 2αΓ01.
By the computation of nonzero Lie Brackets we see that the algebra is the same as what we
obtained from our inspection.
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4 Lie Point symmetries of the two-dimensional heat equa-
tion
4.1 The case α = 1.
For the two-dimensional heat equation,
ut = uxx + uyy, (13)
we obtain ten Lie point symmetries given by
Γ21 = ∂x,
Γ22 = ∂y,
Γ23 = 2t∂y − uy∂u,
Γ24 = 2t∂x − ux∂u,
Γ25 = y∂x − x∂y,
Γ26 = ∂t,
Γ27 = 2t∂t + x∂x + y∂y,
Γ28 = 4t
2∂t + 4xt∂x + 4yt∂y − u(4t+ x
2 + y2)∂u,
Γ29 = u∂u,
Γ210 = F (x, y, t)∂u. (14)
In this group of symmetries, Γ26, Γ27 and Γ28 constitutes an sl(2, R) subalgebra whereas Γ25
constitutes an so(2) subalgebra. Γ29 is the homogeneity and Γ21, Γ22, Γ23 and Γ24 are solution
symmetries.
The nonzero Lie Brackets are
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[Γ21,Γ28]LB = 2Γ24 [Γ21,Γ25]LB = −Γ22 [Γ21,Γ27]LB = Γ21
[Γ21,Γ24]LB = −Γ29 [Γ28,Γ26]LB = −4Γ29 + Γ27 [Γ28,Γ25]LB = −2Γ28
[Γ28,Γ27]LB = −2Γ23 [Γ26,Γ27]LB = 2Γ26 [Γ26,Γ24]LB = 2Γ21
[Γ26,Γ23]LB = 2Γ22 [Γ25,Γ24]LB = Γ23 [Γ25,Γ23]LB = −Γ24
[Γ25,Γ22]LB = Γ21 [Γ27,Γ24]LB = 2Γ24 [Γ27,Γ23]LB = Γ23
[Γ27,Γ22]LB = −Γ22 [Γ23,Γ22]LB = Γ29.
By considering all the subalgebras, the Lie Algebra is
(4A1 ⊕s so(2))⊕s sl(2, R)⊕s A1 ⊕s∞A1.
4.2 Lie point symmetries of a two-dimensional time-fractional heat
equation
We consider the two-dimensional time-fractional heat equation:
Dαt u(x, y, t) = uxx + uyy. (15)
In this case for 0 < α < 1 the number of symmetries is reduced by four to six. These are given
by
Γ11 = ∂x,
Γ12 = ∂y,
Γ13 = y∂x − x∂y ,
Γ14 = 4t∂t + 2αx∂x + 2αy∂y + u(3α− 2)∂u,
Γ15 = u∂u,
Γ16 = F (x, y, t)∂u, (16)
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where F (x, y, t) satisfies equation (15). It can be easily deduced by looking at the symmetries
that the Lie Algebra is (2A1 ⊕s so(2))⊕s 2A1 ⊕s ∞A1. The nonzero Lie Brackets are
[Γ11,Γ14]LB = 2αΓ11,
[Γ14,Γ13]LB = −4Γ13,
[Γ14,Γ12]LB = −2αΓ12,
[Γ11,Γ16]LB = G(x, y, t)∂u, (17)
where G(x, y, t) is an arbitrary solution of equation (15).
The algebra is A3,6 ⊕ so(2) ⊕s A1 ⊕s ∞A1. It is to be noted that the Lie algebra obtained
from nonzero Lie Brackets can be conflated to the algebra which we have mentioned above.
Therefore the Lie algebra obtained by the Lie Brackets can be treated as the composition of
the algebra obtained by inspection.
5 Lie point symmetries of a three-dimensional heat equa-
tion
5.1 The case α = 1
The three-dimensional heat equation is given by
ut = uxx + uyy + uzz. (18)
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The Lie point symmetries of (18) are given by
Γ31 = ∂x,
Γ32 = ∂y,
Γ33 = ∂z,
Γ34 = 2t∂y − uy∂u,
Γ35 = 2t∂x − ux∂u,
Γ36 = 2t∂z − uz∂u,
Γ37 = −y∂x + x∂y,
Γ38 = x∂z − z∂x,
Γ39 = −z∂y + y∂z,
Γ310 = ∂t,
Γ311 = 2t∂t + x∂x + y∂y + z∂z ,
Γ312 = 4t
2∂t + 4xt∂x + 4yt∂y + 4zt∂z − u(6t+ x
2 + y2 + z2)∂u,
Γ313 = u∂u,
Γ314 = F (x, y, z, t)∂u. (19)
The sl(2, R) symmetries, Γ310, Γ311 and Γ312, remain unchanged. Γ37, Γ38 and Γ39 are the
rotation symmetries, and constitute an so(3) subalgebra, whereas the Γ313 is the homogeneity
symmetry. We have six solution symmetries given by Γ31, Γ32,Γ33, Γ34, Γ35 and Γ36. Γ314 is the
infinite-dimensional symmetry.
The nonzero Lie Brackets are
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[Γ31,Γ312]LB = 2Γ35, [Γ31,Γ312]LB = −Γ32, [Γ31,Γ311]LB = Γ31,
[Γ31,Γ35]LB = −Γ313, [Γ31,Γ38]LB = Γ33, [Γ312,Γ310]LB = 6Γ313 − 4Γ311,
[Γ312,Γ311]LB = −2Γ312, [Γ312,Γ32]LB = −2Γ34, [Γ312,Γ33]LB = −2Γ36,
[Γ310,Γ311]LB = 2Γ310 [Γ310,Γ35]LB = 2Γ31, [Γ310,Γ34]LB = 2Γ32,
[Γ310,Γ36]LB = 2Γ33 [Γ37,Γ35]LB = −Γ34 [Γ37,Γ34]LB = −Γ35
[Γ37,Γ32]LB = −Γ31 [Γ37,Γ38]LB = −Γ39 [Γ37,Γ39]LB = Γ38
[Γ311,Γ35]LB = Γ35 [Γ311,Γ34]LB = Γ34 [Γ311,Γ32]LB = −Γ32
[Γ311,Γ36]LB = Γ36 [Γ311,Γ33]LB = −Γ33 [Γ35,Γ38]LB = Γ36
[Γ34,Γ32]LB = 2Γ313 [Γ34,Γ39]LB = −Γ36 [Γ32,Γ39]LB − Γ33
[Γ36,Γ38]LB = −Γ35 [Γ36,Γ33]LB = Γ313 [Γ36,Γ39]LB = Γ34
[Γ38,Γ33]LB = −Γ31 [Γ38,Γ39]LB = −Γ37 [Γ33,Γ39]LB = −Γ32.
The Lie Algebra is
(6A1 ⊕s so(3))⊕s sl(2, R)⊕s A1 ⊕s∞A1.
5.2 The case 0 < α < 1
The three-dimensional time-fractional heat equation,
Dαt u(x, y, z, t) = uxx + uyy + uzz, (20)
has the following Lie point symmetries:
Γ41 = ∂x,
Γ42 = ∂y,
Γ43 = ∂z ,
Γ44 = −y∂x + x∂y,
Γ45 = −y∂z + z∂y ,
Γ46 = z∂x − x∂z ,
Γ47 = 2t∂t + αx∂x + αy∂y + αz∂z + u(α− 1)∂u,
Γ48 = u∂u,
Γ49 = F (x, y, z, t)∂u. (21)
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Here we lost the t2 symmetry. The nonzero Lie Brackets have been reduced significantly in
number and are
[Γ43,Γ47]LB = αΓ43, [Γ43,Γ45]LB = −2Γ44,
[Γ44,Γ47]LB = αΓ44, [Γ44,Γ45]LB = −Γ43,
[Γ47,Γ46]LB = −2Γ46, [Γ47,Γ42]LB = −αΓ42,
[Γ47,Γ41]LB = −αΓ41 [Γ41,Γ45]LB = 2Γ42.
The algebra from the Lie Brackets is
(3A1 ⊕s so(3))⊕s 2A1 ⊕s∞A1.
6 Lie point symmetries of the heat equation in four di-
mensions
6.1 The case α = 1
The four-dimensional heat equation,
ut = uxx + uyy + uzz + uww, (22)
has the following Lie point symmetries:
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Γ51 = ∂x, Γ52 = ∂y,
Γ53 = ∂z, Γ54 = ∂w,
Γ55 = 2t∂y − uy∂u, Γ56 = 2t∂x − ux∂u,
Γ57 = 2t∂z − uz∂u, Γ58 = 2t∂w − uw∂u,
Γ59 = −y∂x + x∂y, Γ510 = y∂w − w∂y,
Γ511 = −z∂y + y∂z, Γ512 = x∂z − z∂x,
Γ513 = −w∂x + x∂w, Γ514 = z∂w − w∂z,
Γ515 = ∂t, Γ516 = 2t∂t + x∂x + y∂y + z∂z + w∂w,
Γ517 = 4t
2∂t + 4xt∂x + 4yt∂y + 4zt∂z + 4wt∂w−
u(8t+ x2 + y2 + z2 + w2)∂u,
Γ518 = u∂u, Γ519 = F (x, y, z, w, t)∂u.
The nonzero Lie Brackets are given by
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[Γ51,Γ517]LB = 2Γ56 [Γ51,Γ517]LB = Γ52 [Γ51,Γ512]LB = Γ53
[Γ51,Γ513]LB = −Γ54 [Γ51,Γ516]LB = Γ51 [Γ51,Γ56]LB = −Γ518
[Γ517,Γ515]LB = 8Γ518 − Γ516 [Γ517,Γ516]LB = −2Γ517 [Γ517,Γ52]LB = −2Γ58
[Γ517,Γ53]LB = −2Γ57 [Γ517,Γ54]LB = −2Γ581 [Γ517,Γ516]LB = 2Γ515
[Γ515,Γ56]LB = 2Γ51 [Γ515,Γ55]LB = 2Γ53 [Γ515,Γ57]LB = 2Γ53
[Γ515,Γ58]LB = 2Γ54 [Γ59,Γ511]LB = Γ512 [Γ59,Γ512]LB = −Γ511
[Γ59,Γ510]LB = Γ513 [Γ59,Γ513]LB = −Γ510 [Γ59,Γ56]LB = −Γ55
[Γ59,Γ55]LB = Γ56 [Γ59,Γ52]LB = −Γ51 [Γ511,Γ514]LB = Γ510
[Γ511,Γ512]LB = Γ59 [Γ511,Γ510]LB = −Γ514 [Γ511,Γ55]LB = −Γ57
[Γ511,Γ57]LB = Γ55 [Γ511,Γ52]LB = Γ53 [Γ511,Γ53]LB = Γ52
[Γ514,Γ512]LB = −Γ513 [Γ514,Γ510]LB = Γ511 [Γ514,Γ513]LB = Γ512
[Γ514,Γ57]LB = Γ58 [Γ514,Γ58]LB = −Γ57 [Γ514,Γ53]LB = Γ54
[Γ514,Γ58]LB = −Γ53 [Γ512,Γ513]LB = −Γ514 [Γ512,Γ56]LB = −Γ57
[Γ512,Γ57]LB = Γ56 [Γ512,Γ53]LB = Γ51 [Γ510,Γ513]LB = Γ59
[Γ510,Γ55]LB = Γ58 [Γ510,Γ58]LB = −Γ55 [Γ510, X52]LB = Γ54
[Γ510,Γ58]LB = −Γ52 [Γ513,Γ54]LB = −Γ51 [Γ513,Γ58]LB = −Γ56
[Γ513,Γ56]LB = Γ58 [Γ516,Γ54]LB = −Γ54 [Γ516,Γ53]LB = −Γ53
[Γ516,Γ52]LB = −Γ52 [Γ516,Γ58]LB = Γ58 [Γ516,Γ57]LB = Γ57
[Γ516,Γ55]LB = Γ55 [Γ516,Γ56]LB = Γ56 [Γ55,Γ52]LB = Γ518
[Γ57,Γ53]LB = Γ518 [Γ581,Γ54]LB = Γ518.
The Lie Algebra is
(8A1 ⊕s so(4))⊕s sl(2, R)⊕s A1 ⊕s∞A1.
6.2 Lie point symmetries of the four-dimensional time-fractional
heat equation
The heat equation in four-dimensional space with fractional time-derivative,
uαt = uxx + uyy + uzz + uww, (23)
has the following Lie point symmetries
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Γ61 = ∂x, Γ62 = ∂y,
Γ63 = ∂z, Γ64 = ∂w,
Γ65 = −y∂x + x∂y, Γ66 = −y∂z + z∂y,
Γ67 = y∂w − w∂y, Γ68 = z∂x − x∂z,
Γ69 = −w∂x + x∂w, Γ610 = −w∂z + z∂w,
Γ611 = 2t∂t + αx∂x + αy∂y + αz∂z + αw∂w + u(α− 1)∂u,
Γ612 = u∂u, Γ613 = F (x, y, z, w, t)∂u.
Γ610 and Γ611 are remnants of sl(2, R), Γ612 is the homogeneity symmetry, Γ67, Γ68 and Γ69
constitute an so(3) subalgebra. Γ64, Γ65 and Γ66 are remnants of so(4) and a representation of
so(3), whereas Γ61, Γ62 and Γ63 are solution symmetries. In fact, Γ64 to Γ69 are remnants of
so(4).
The nonzero Lie Brackets, which are reduced significantly in number compared to the case
α = 1, are
[Γ64,Γ67]LB = −Γ65 [Γ64,Γ68]LB = −Γ66 [Γ65,Γ67]LB = Γ64
[Γ65,Γ69]LB = −Γ66 [Γ62,Γ67]LB = Γ61 [Γ62,Γ69]LB = Γ63
[Γ61,Γ67]LB = −Γ62 [Γ61,Γ63]LB = Γ68 [Γ67,Γ68]LB = 2Γ69
[Γ67,Γ69]LB = −Γ68 [Γ63,Γ68]LB = −Γ61 [Γ63,Γ69]LB = −Γ62
[Γ68,Γ66]LB = −Γ64 [Γ68,Γ69]LB = Γ67 [Γ66,Γ69]LB = Γ65.
The algebra obtained by inspection of the symmetries is
(4A1 ⊕s so(4))⊕s 2A1 ⊕s∞A1.
7 Lie point symmetries of the n-dimensional time-fractional
heat equation
The heat equation in n-dimensional space with fractional time-derivative can be defined as
follows,
uαt = ux1x1 + ux2x2 + ux3x3 + .......... + uxnxn , (24)
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where x1, x2, x3, .....xn are independent variables. It has the following Lie point symmetries
Γ71 = ∂xi , 1 ≥ i ≤ n
Γ72 = −xj∂xi + xj∂xi, i < j
Γ73 = t∂t + α
n∑
i=1
xi∂xi + u(α− 1)∂u,
Γ74 = u∂u,
Γ75 = F (t, x1, x2, x3, .....xn)∂u.
(25)
8 The conservation laws for the nonfractional heat equa-
tion
8.1 Introduction
We now construct the conservation laws of the heat equation (1). The time-fractional diffusion
equation (1), with the Riemann-Liouville fractional derivative can be rewritten in the form of
conservation laws.
8.2 Conservation laws for the one-dimensional heat equation
The Lie point symmetries for the one-dimensional heat equation are given in (10). The formal
Lagrangian can be introduced as
L = φ(t, x)(ut − uxx),
where φ(t, x) is a new dependent variable. The components of the conserved vector for Γ1 are
Ct = −uxφ(t, x),
Cx = φ(t, x)(ut − uxx)− uxφx + φ(t, x)uxx. (26)
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For Γ2 the components of the conserved vector are
Ct = Wφ(t, x),
Cx = 2t(φ(t, x)(ut − uxx) +Wφx + φ(t, x)(u+ xux + 2tuxx),
W = −ux− 2tux.
(27)
The components of the conserved vectors for Γ3 are
Ct = φ(t, x)(ut − uxx) +Wφ(t, x),
Cx = Wφx + φ(t, x)utx,
W = −ut. (28)
The conserved vectors for Γ4 are
Ct = 2tφ(t, x)(ut − uxx) +Wφ(t, x),
Cx = xφ(t, x)(ut − uxx) +Wφx + (ux + xuxx + 2tutx),
W = −2tut − xux. (29)
The components of the conserved vectors for Γ5 are
Ct = 4t2φ(t, x)(ut − uxx) +Wφ(t, x),
Cx = 4txφ(t, x)(ut − uxx) +Wφx + φ(t, x)(2tux + 2ux+ x
2ux + 4t
2utx + 4t(ux + xuxx),
W = −u(2t+ x2)− 4t2ut − 4txux. (30)
The components of the conserved vectors for Γ6 are
Ct = Wφ(t, x),
Cx = Wφx − φ(t, x)ux,
W = u. (31)
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The components of the conserved vectors for Γ7 are
Ct = Wφ(t, x),
Cx = Wφx − φ(t, x)Fx,
W = F (t, x).
(32)
8.3 Conservation laws for the two-dimensional nonfractional heat
equation
The symmetries for the two-dimensional nonfractional heat equation are given in (14). The
formal Lagrangian can be introduced as
L = φ(t, x, y)(ut − uxx − uyy),
where φ(t, x, y) is a new dependent variable. The components of the conserved vectors for Γ21
are
Ct = −uxφ(t, x, y),
Cx = φ(t, x, y)(ut − uxx − uyy) +Wφx + uxx,
Cy = Wφy,
W = −ux. (33)
The components of the conserved vectors for Γ22 are
Ct = −uyφ(t, x, y),
Cx = Wφy,
Cy = φ(t, x, y)(ut − uxx − uyy) +Wφy + uyy,
W = −uy. (34)
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The components of the conserved vectors for Γ23 are
Ct = Wφ(t, x, y),
Cx = Wφx + φ(t, x, y)(yux),
Cy = 2tφ(t, x, y)(ut − uxx − uyy) +Wφy + φ(uyy + u+ 2tuyy),
W = −uy − 2tuy. (35)
The components of the conserved vectors for Γ24 are
Ct = Wφ(t, x, y),
Cx = 2tφ(t, x, y)(ut − uxx − uyy) +Wφx + φ(u+ xux + 2tuxx),
Cy = Wφy + φ(t, x, y)xuy,
W = −ux− 2tux. (36)
The components of the conserved vectors for Γ25 are
Ct = Wφ(t, x, y),
Cx = yφ(t, x, y)(ut − uxx − uyy) +Wφx − φ(uy − yuxx),
Cy = −xφ(t, x, y)(ut − uxx − uyy) +Wφy − φ(xuyy − ux),
W = −yux + xuy. (37)
The components of the conserved vectors for Γ26 are
Ct = φ(t, x, y)(ut − uxx − uyy) +Wφ(t, x, y),
Cx = Wφx + φ(t, x, y)utx,
Cy = Wφy + φ(t, x, y)uty,
W = −ut. (38)
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The components of the conserved vectors for Γ27 are
Ct = 2tφ(t, x, y)(ut − uxx − uyy) +Wφ(t, x, y),
Cx = xφ(t, x, y)(ut − uxx − uyy) +Wφx + φ(2tutx + xuxx + ux),
Cy = yφ(t, x, y)(ut − uxx − uyy) +Wφy + φ(2tuty + yuyy + uy),
W = −2tut − xux − yuy. (39)
The components of the conserved vectors for Γ28 are
Ct = 4t2φ(t, x, y)(ut − uxx − uyy) +Wφ(t, x, y),
Cx = 4xtφ(t, x, y)(ut − uxx − uyy) +Wφx + φ(t, x, y)(4tux + x
2ux + 2xu+ y
2ux + 2yu+ 4t
2utx
+ 4t(ux + xuxx)),
Cy = 4ytφ(t, x, y)(ut − uxx − uyy) +Wφy + φ(t, x, y)(4tuy + x
2uy + 2yu+ y
2uy + 4t
2uty
+ 4t(uy + yuyy)),
W = − u(4t+ x2 + y2)− 4t2ut − 4xtux − 4ytuy.
The components of the conserved vectors for Γ29 are
Ct = Wφ(t, x, y),
Cx = Wφx − φ(t, x, y)ux,
Cy = Wφy − φ(t, x, y)uy,
W = u. (40)
The components of the conserved vectors for Γ210 are
Ct = Wφ(t, x, y),
Cx = Wφx − φ(t, x, y)Fx,
Cy = Wφy − φ(t, x, y)Fy,
W = F (t, x, y).
(41)
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8.4 Conservation laws of the three-dimensional nonfractional heat
equation
The symmetries for the nonfractional three-dimensional heat equation are given in (19). The
formal Lagrangian can be introduced as
L = φ(t, x, y, z)(ut − uxx − uyy − uzz),
where φ(t, x, y, z) is a new dependent variable. The components of the conserved vectors for
Γ31 are
Ct = Wφ(t, x, y, z),
Cx = φ(t, x, y, z)(ut − uxx − uyy − uzz) +Wφx + uxx,
Cy = Wφy,
Cz = Wφz,
W = −ux. (42)
The components of the conserved vectors for Γ32 are
Ct = Wφ(t, x, y, z),
Cx = Wφx,
Cy = φ(t, x, y, z)(ut − uxx − uyy − uzz) +Wφy + uyy,
Cz = Wφz,
W = −uy. (43)
The components of the conserved vectors for Γ33 are
Ct = Wφ(t, x, y, z),
Cx = Wφx,
Cy = Wφy,
Cz = φ(t, x, y, z)(ut − uxx − uyy − uzz) +Wφz + uzz,
W = −uz. (44)
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The components of the conserved vectors for Γ34 are
Ct = Wφ(t, x, y, z),
Cx = Wφx + φ(t, x, y, z)(yuy),
Cy = 2tφ(t, x, y, z)(ut − uxx − uyy − uzz) +Wφy + φ(u+ yuy + 2tuyy),
Cz = Wφz + φ(yuz),
W = −uy − 2tuy. (45)
The components of the conserved vectors for Γ35 are
Ct = Wφ(t, x, y, z),
Cx = 2tφ(t, x, y, z)(ut − uxx − uyy − uzz) +Wφx + φ(u+ xux + 2tuxx),
Cy = Wφy + φ(t, x, y, z)(xuy),
Cz = Wφz + φ(t, x, y, z)(xuz),
W = −ux− 2tux. (46)
The components of the conserved vector for Γ36 are
Ct = Wφ(t, x, y, z),
Cx = Wφx + φ(t, x, y, z)(zux),
Cy = Wφy + φ(t, x, y, z)(zuy),
Cz = 2tφ(t, x, y, z)(ut − uxx − uyy − uzz) +Wφz + φ(u+ zuz + 2tuzz),
W = −uz − 2tuz. (47)
The components of the conserved vectors for Γ37 are
Ct = Wφ(t, x, y, z),
Cx = −yφ(t, x, y, z)(ut − uxx − uyy − uzz) +Wφx − φ(yuxx − uy),
Cy = xφ(t, x, y, z)(ut − uxx − uyy − uzz) +Wφy − φ(ux − xuyy),
Cz = Wφz,
W = yux − xuy. (48)
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The components of the conserved vectors for Γ38 are
Ct = Wφ(t, x, y, z),
Cx = −zφ(t, x, y, z)(ut − uxx − uyy − uzz) +Wφx − φ(zuxx − uz),
Cy = Wφy,
Cz = xφ(t, x, y, z)(ut − uxx − uyy − uzz) +Wφz − φ(ux − xuzz),
W = zux − xuz. (49)
The components of the conserved vectors for Γ39 are
Ct = Wφ(t, x, y, z),
Cx = Wφx,
Cy = −zφ(t, x, y, z)(ut − uxx − uyy − uzz) +Wφy − φ(zuyy − uz),
Cz = yφ(t, x, y, z)(ut − uxx − uyy − uzz) +Wφz − φ(uy − yuzz),
W = zuy − yuz. (50)
The components of the conserved vectors for Γ310 are
Ct = φ(t, x, y, z)(ut − uxx − uyy − uzz) +Wφ(t, x, y, z),
Cx = Wφx + φutx,
Cy = Wφy + φuty,
Cz = Wφz + φutz,
W = −ut. (51)
The components of the conserved vectors for Γ311 are
Ct = 2tφ(t, x, y, z)(ut − uxx − uyy − uzz) +Wφ(t, x, y, z),
Cx = xφ(t, x, y, z)(ut − uxx − uyy − uzz) +Wφx + φ(ux + 2tutx + xuxx),
Cy = yφ(t, x, y, z)(ut − uxx − uyy − uzz) +Wφy + φ(uy + 2tuty + yuyy),
Cz = zφ(t, x, y, z)(ut − uxx − uyy − uzz) +Wφz + φ(uz + 2tutz + zuzz),
W = −2tut − xux − yuy − zuz. (52)
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The components of the conserved vectors for Γ312 are
Ct = 4t2φ(t, x, y, z)(ut − uxx − uyy − uzz) +Wφ(t, x, y, z),
Cx = 4xtφ(t, x, y, z)(ut − uxx − uyy − uzz) +Wφx + φ(6tux + x
2ux + 2xu+ y
2ux + z
2ux + 4t
2utx
+ 4t(xuxx + ux)),
Cy = 4ytφ(t, x, y, z)(ut − uxx − uyy − uzz) +Wφy + φ(6tuy + x
2uy + 2uy + y
2uy + z
2uy + 4t
2uty
+ 4t(uy + yuyy)),
Cz = 4ztφ(t, x, y, z)(ut − uxx − uyy − uzz) +Wφz + φ(6tuz + x
2uz + y
2uz + z
2uz + 2zu+ 4t
2utz
+ 4t(uz + zuzz)),
W = − u(6t+ x2 + y2 + z2)− 4t2ut − 4xtux − 4ytuy − 4ztuz.
(53)
The components of the conserved vectors for Γ313 are
Ct = Wφ(t, x, y, z),
Cx = Wφx − φux,
Cy = Wφy − φuy,
Cz = Wφz − φuz,
W = u. (54)
The components of the conserved vectors are Γ314 are
Ct = Wφ(t, x, y, z),
Cx = Wφx − φFx,
Cy = Wφy − φFy,
Cz = Wφz − φFz,
W = F (t, x, y, z). (55)
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8.5 Conservation laws of the four dimensional non-fractional heat
equation
The formal Lagrangian can be introduced as
L = φ(t, x, y, z, w)(ut − uxx − uyy − uzz − uww),
where φ(t, x, y, z, w) is a new dependent variable.
The components of the conserved vectors for Γ51 are
Ct = Wφ(t, x, y, z, w),
Cx = φ(t, x, y, z, w)(ut − uxx − uyy − uzz − uww) +Wφx + φuxx,
Cy = Wφy,
Cz = Wφz,
Cw = Wφw,
W = −ux. (56)
The components of the conserved vectors for Γ52 are
Ct = Wφ(t, x, y, z, w),
Cx = Wφx,
Cy = φ(t, x, y, z, w)(ut − uxx − uyy − uzz − uww) +Wφy + φuyy,
Cz = Wφz,
Cw = Wφw,
W = −uy. (57)
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The components of the conserved vectors for Γ53 are
Ct = Wφ(t, x, y, z, w),
Cx = Wφx,
Cy = Wφy,
Cz = φ(t, x, y, z, w)(ut − uxx − uyy − uzz − uww) +Wφz + φuzz,
Cw = Wφw,
W = −uz. (58)
The components of the conserved vectors for Γ54 are
Ct = Wφw,
Cx = Wφx,
Cy = Wφy,
Cz = Wφz,
Cw = φ(t, x, y, z, w)(ut − uxx − uyy − uzz − uww) +Wφw + φuww,
W = −uw. (59)
The components of the conserved vectors for Γ55 are
Ct = Wφ(t, x, y, z, w),
Cx = Wφx + φ(t, x, y, z, w)(yux),
Cy = 2tφ(t, x, y, z, w)(ut − uxx − uyy − uzz) +Wφy + φ(u+ yuy + 2tuyy),
Cz = Wφz + φ(yuz),
Cw = Wφw + φ(yuw),
W = −uy − 2tuy. (60)
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The components of the conserved vectors for Γ56 are
Ct = Wφ(t, x, y, z, w),
Cx = 2tφ(t, x, y, z, w)(ut − uxx − uyy − uzz) +Wφx + φ(u+ xux + 2tuxx),
Cy = Wφy + φ(t, x, y, z, w)(xuy),
Cz = Wφz + φ(t, x, y, z, w)(xuz),
Cw = Wφw + φ(t, x, y, z, w)(xuw),
W = −ux− 2tux. (61)
The components of the conserved vector for Γ57 are
Ct = Wφ(t, x, y, z, w),
Cx = Wφx + φ(t, x, y, z, w)(zux),
Cy = Wφy + φ(t, x, y, z, w)(zuy),
Cz = 2tφ(t, x, y, z, w)(ut − uxx − uyy − uzz) +Wφz + φ(u+ zuz + 2tuzz),
Cw = Wφw + φ(t, x, y, z, w)(zuw),
W = −uz − 2tuz. (62)
The components of the conserved vector for Γ58 are
Ct = Wφ(t, x, y, z, w),
Cx = Wφx + φ(t, x, y, z, w)(wux),
Cy = Wφy + φ(t, x, y, z, w)(wuy),
Cz = Wφz + φ(t, x, y, z, w)(wuz),
Cw = 2tφ(t, x, y, z, w)(ut − uxx − uyy − uzz) +Wφw + φ(u+ wuw + 2tuww),
W = −uw − 2tuw. (63)
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The components of the conserved vectors for Γ59 are
Ct = Wφ(t, x, y, z, w),
Cx = −yφ(t, x, y, z, w)(ut − uxx − uyy − uzz) +Wφx − φ(yuxx − uy),
Cy = xφ(t, x, y, z, w)(ut − uxx − uyy − uzz) +Wφy − φ(ux − xuyy),
Cz = Wφz.
Cw = Wφw,
W = yux − xuy. (64)
The components of the conserved vectors for Γ510 are
Ct = Wφ(t, x, y, z, w),
Cx = Wφx,
Cy = −wφ(t, x, y, z, w)(ut − uxx − uyy − uzz − uww) +Wφy − φ(wuyy − uw),
Cz = Wφz,
Cw = yφ(t, x, y, z, w)(ut − uxx − uyy − uzz − uww) +Wφw − φ(uy − yuww),
W = wuy − yuw. (65)
The components of the conserved vectors for Γ511 are
Ct = Wφ(t, x, y, z, w),
Cx = −zφ(t, x, y, z, w)(ut − uxx − uyy − uzz) +Wφx − φ(zuxx − uz),
Cy = Wφy,
Cz = xφ(t, x, y, z, w)(ut − uxx − uyy − uzz) +Wφz − φ(ux − xuzz),
Cw = Wφw,
W = zux − xuz. (66)
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The components of the conserved vectors for Γ512 are
Ct = Wφ(t, x, y, z, w),
Cx = Wφx,
Cy = −zφ(t, x, y, z, w)(ut − uxx − uyy − uzz) +Wφy − φ(zuyy − uz),
Cz = yφ(t, x, y, z, w)(ut − uxx − uyy − uzz) +Wφz − φ(uy − yuzz),
Cw = Wφw,
W = zuy − yuz. (67)
The components of the conserved vector for Γ513 are
Ct = Wφ(t, x, y, z, w),
Cx = −wφ(t, x, y, z, w)(ut − uxx − uyy − uzz − uww) +Wφx − φ(wuxx − uw,
Cy = Wφy,
Cz = Wφz,
Cw = xφ(t, x, y, z, w)(ut − uxx − uyy − uzz − uww) +Wφw − φ(ux − xuww),
W = wux − xuw. (68)
The components of the conserved vector for Γ514 are
Ct = Wφ(t, x, y, z, w),
Cx = Wφx,
Cy = Wφy,
Cz = −wφ(t, x, y, z, w)(ut − uxx − uyy − uzz − uww) +Wφz − φ(wuzz − uw),
Cw = zφ(t, x, y, z, w)(ut − uxx − uyy − uzz − uww) +Wφw − φ(uz − zuww),
W = wuz − zuw. (69)
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The components of the conserved vector for Γ515 are
Ct = φ(t, x, y, z, w)(ut − uxx − uyy − uzz − uww) +Wφ(t, x, y, z, w),
Cx = Wφx + φutx,
Cy = Wφy + φuty,
Cz = Wφz + φutz,
Cw = Wφw + φutw,
W = −ut. (70)
The components of the conserved vector for Γ516 are
Ct = 2tφ(t, x, y, z, w)(ut − uxx − uyy − uzz − uww) +Wφ(t, x, y, z, w),
Cx = xφ(t, x, y, z, w)(ut − uxx − uyy − uzz − uww) +Wφx + φ(ux + 2tutx + ux + xuxx),
Cy = yφ(t, x, y, z, w)(ut − uxx − uyy − uzz − uww) +Wφy + φ(uy + 2tuty + uy + yuyy),
Cz = zφ(t, x, y, z, w)(ut − uxx − uyy − uzz − uww) +Wφz + φ(uz + 2tutz + uz + zuzz),
Cw = wφ(t, x, y, z, w)(ut − uxx − uyy − uzz − uww) +Wφw + φ(uz + 2tutz + uw + zuzz),
W = −2tut − xux − yuy − zuz − wuw. (71)
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The components of the conserved vectors for Γ517 are
Ct = 4t2φ(t, x, y, z, w)(ut − uxx − uyy − uzz − uww) +Wφ(t, x, y, z, w),
Cx = 4xtφ(t, x, y, z, w)(ut − uxx − uyy − uzz − uww) +Wφx
+ φ(8tux + x
2ux + 2xu+ y
2ux + z
2ux + 4t
2utx + 4t(xuxx + ux)),
Cy = 4ytφ(t, x, y, z, w)(ut − uxx − uyy − uzz − uww) +Wφy
+ φ(8tuy + x
2uy + 2uy + y
2uy + z
2uy + 4t
2uty + 4t(uy + yuyy)),
Cz = 4ztφ(t, x, y, z, w)(ut − uxx − uyy − uzz − uww) +Wφz
+ φ(8tuz + x
2uz + y
2uz + z
2uz + 2zu+ 4t
2utz + 4t(uz + zuzz)),
Cw = 4wtφ(t, x, y, z, w)(ut − uxx − uyy − uzz − uww) +Wφw
+ φ(8tuw + x
2uw + y
2uw + z
2uw + 2wu+ 4t
2utw + 4t(uw + wuww)),
W = − u(8t+ x2 + y2 + z2 + w2)− 4t2ut − 4xtux − 4ytuy − 4ztuz − 4wtuw.
(72)
The components of the conserved vectors for Γ518 are
Ct = Wφ(t, x, y, z, w),
Cx = Wφx − φux,
Cy = Wφy − φuy,
Cz = Wφz − φuz,
Cw = Wφw − φuw,
W = u. (73)
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The components of the conserved vectors are Γ519 are
Ct = Wφ(t, x, y, z, w),
Cx = Wφx − φFx,
Cy = Wφy − φFy,
Cz = Wφz − φFz,
Cw = Wφw − φFw,
W = F (t, x, y, z, w). (74)
9 Conservation laws with the Riemann-Liouville frac-
tional derivative for one-dimensional heat equation
The conservation laws with respect to each Γ0i, i = 1, 2, 3, 4 are as follows: For Γ01 the conserved
vectors are
Ct = φ(t, x)D1−αt W + J(W,φt),
Cx = φ(t, x)(Dαt u− uxx) +Wφx − φ(t, x)uxx,
W = −ux, (75)
For Γ02 the conserved vectors are
Ct = 2tφ(t, x)(Dαt u− uxx) + φ(t, x)D
1−α
t (W ) + J(W,φt),
Cx = αxφ(t, x)(Dαt u− uxx) +Wφx − φ(t, x)(2tuxt − αxuxx),
W = 2tut − αxux. (76)
For Γ03 we have the following components of the conserved vector
Ct = φ(t, x)D1−αt W + J(W,φt),
Cx = Wφx − 2φ(t, x)ux,
W = u. (77)
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For Γ04 the conserved vectors are
Ct = φ(t, x)D1−αt F (t, x) + J(F (t, x), φt),
Cx = F (t, x)φx − φ(t, x)Fx. (78)
9.1 The conservation laws for the two-dimensional time-fractional
heat equation
The symmetries are given in (16). For Γ11 the components of the conserved vectors are
Ct = D1−αt (W )φ(t, x, y) + J(W,φt),
Cx = φ(t, x, y)(Dαt u− uxx − uyy) +Wφx + uxxφ,
Cy = Wφy + φuxy,
W = −ux. (79)
For Γ12 the components of the conserved vectors are
Ct = D1−αt (W )φ(t, x, y) + J(−uy, φt),
Cx = Wφx + φuxy,
Cy = φ(t, x, y)(Dαt u− uxx − uyy) +Wφy + uyyφ(t, x, y),
W = −uy. (80)
For Γ13 the components of the conserved vectors are
Ct = D1−αt (W )φ(t, x, y) + J(W,φt),
Cx = yφ(t, x, y)(Dαt u− uxx − uyy) +Wφx − φ(t, x, y)(uy + xuxy − yuxx),
Cy = −xφ(t, x, y)(Dαt u− uxx − uyy) +Wφy − φ(t, x, y)(xuyy − (yuxy + ux),
W = −yux + xuy. (81)
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For Γ14 the components are
Ct = 4t(Dαt u− uxx − uyy) +D
1−α
t (W )φ(t, x, y) + J(W,φt),
Cx = 2αxφ(t, x, y)(Dαt u− uxx − uyy) +Wφx − (3αux − 2ux − 4tuxt − 2α(ux + xuxx)− 2αyuxy)φ(t, x, y),
Cy = 2αyφ(t, x, y)(Dαt u− uxx − uyy) +Wφy + (3αuy − 2uy − 4tuyt − 2αxuxy − 2α(yuyy + uy))φ(t, x, y),
W = u(3α− 2)− 4tut − 2αxux − 2αyuy. (82)
For Γ15 the components are
Ct = D1−αt (W )φ(t, x, y) + J(u, φt),
Cx = uφx − uxφ(t, x, y),
Cy = uφy − uyφ(t, x, y),
W = u.
(83)
For Γ16 the conserved vectors are
Ct = D1−αt (F (t, x, y))φ(t, x, y) + J(F (t, x, y), φt),
Cx = F (t, x, y)φx − Fxφ(t, x, y),
Cy = F (t, x, y)φy − Fyφ(t, x, y).
(84)
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9.2 The conservation laws for the three-dimensional time-fractional
heat equation
The symmetries are given in (21). The conserved vectors with respect to each symmetry are
as follows: For Γ41 the components of the conserved vector are
Ct = D1−αt (W )φ(t, x, y, z) + J(W,φt),
Cx = φ(t, x, y, z)(D1−αt u− (uxx + uyy + uzz)) +Wφx + φ(t, x, y, z)uxx,
Cy = Wφy + φ(t, x, y, z)uxy,
Cz = Wφz + φ(t, x, y, z)uxz,
W = −ux. (85)
For Γ42 the components of the conserved vectors are
Ct = D1−αt Wφ(t, x, y, z) + J(W,φt),
Cx = Wφx + φ(t, x, y, z)uxy,
Cy = φ(t, x, y, z)(D1−αt u− (uxx + uyy + uzz)) +Wφy + φ(t, x, y, z)uyy,
Cz = Wφz + φ(t, x, y, z)uyz,
W = −uy. (86)
For Γ43 the components of the conserved vectors are
Ct = D1−αt (W )φ(t, x, y, z) + J(W,φt),
Cx = Wφx + φ(t, x, y, z)uxz,
Cy = Wφy + φ(t, x, y, z)uyz,
Cz = φ(t, x, y, z)(D1−αt u− (uxx + uyy + uzz)) +Wφz + φ(t, x, y, z)uzz,
W = −uz. (87)
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For Γ44 the components of the conserved vectors are
Ct = D1−αt Wφ(t, x, y, z) + J(W,φt),
Cx = −yφ(t, x, y, z)(D1−αt u− (uxx + uyy + uzz)) +Wφx − φ(t, x, y, z)(yuxx − (xuxy + uy)),
Cy = xφ(t, x, y, z)(D1−αt u− (uxx + uyy + uzz)) +Wφy − φ(t, x, y, z)((ux + yuxy)− xuyy),
Cz = Wφz + φ(t, x, y, z)(yuxz − xuyz),
W = yux − xuy.
(88)
For Γ45 the components of the conserved vectors are
Ct = D1−αt (W )φ(t, x, y, z) + J(W,φt),
Cx = Wφx + φ(t, x, y, z)(yuxz − zuxy),
Cy = zφ(t, x, y, z)(D1−αt u− (uxx + uyy + uzz)) +Wφy − φ(t, x, y, z)((uz + yuzy)− zuyy),
Cz = −yφ(t, x, y, z)(D1−αt u− (uxx + uyy + uzz)) +Wφz − φ(t, x, y, z)(yuzz − (uy + zuyz)),
W = yuz − zuy. (89)
For Γ46 the components of the conserved vectors are
Ct = D1−αt (W )φ(t, x, y, z) + J(W,φt),
Cx = zφ(t, x, y, z)(D1−αt u− (uxx + uyy + uzz)) +Wφx − φ(t, x, y, z)((uz + xuxz)− zuxx),
Cy = Wφy + φ(t, x, y, z)(xuyz − zuxy),
Cz = −xφ(t, x, y, z)(D1−αt u− (uxx + uyy + uzz)) +Wφz − φ(t, x, y, z)(xuzz − (ux + uxz)),
W = xuz − zux. (90)
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For Γ47 the components of the conserved vectors are
Ct = 2tφ(t, x, y, z)(D1−αt u− (uxx + uyy + uzz)) +D
1−α
t (W )φ(t, x, y, z) + J(W,φt),
Cx = αxφ(t, x, y, z)(D1−αt u− (uxx + uyy + uzz)) +Wφx,
+ φ(t, x, y, z)(ux(α− 1)− 2tuxt − α(ux + xuxx)− αyuxy − αzuxz),
Cy = αyφ(t, x, y, z)(D1−αt u− (uxx + uyy + uzz)) +Wφy+
+ φ(t, x, y, z)(uy(α− 1)− 2tuyt − α(uy + yuyy)− αxuxy − αzuyz)
Cz = αzφ(t, x, y, z)(D1−αt u− (uxx + uyy + uzz)) +Wφz+
+ φ(t, x, y, z)(uz(α− 1)− 2tuzt − α(uz + zuzz)− αxuxz − αyuyz)
W = u(α− 1)− 2tut − αxux − αyuy − αzuz.
(91)
For Γ48 the components of the conserved vectors are
Ct = D1−αt (W )φ(t, x, y, z) + J(W,φt),
Cx = Wφx − φ(t, x, y, z)ux,
Cy = Wφy − φ(t, x, y, z)uy,
Cz = Wφz − φ(t, x, y, z)uz,
W = u. (92)
For Γ49 the components of the conserved vectors are
Ct = D1−αt (W )φ(t, x, y, z) + J(W,φt),
Cx = Wφx − φ(t, x, y, z)Fx,
Cy = Wφy − φ(t, x, y, z)Fy,
Cz = Wφz − φ(t, x, y, z)Fz,
W = F (t, x, y, z). (93)
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9.3 The conservation laws for the four-dimensional time-fractional
heat equation
The components of the conserved vectors for Γ61 are
Ct = D1−αt (W )φ(t, x, y, z, w) + J(W,φt),
Cx = φ(t, x, y, z, w)(D1−αt u− (uxx + uyy + uzz + uww)) +Wφx + φ(t, x, y, z, w)uxx,
Cy = Wφy + φ(t, x, y, z, w)uxy,
Cz = Wφz + φ(t, x, y, z, w)uxz,
Cw = Wφw + φ(t, x, y, z, w)uxw,
W = −ux.
(94)
The components of the conserved vectors for Γ62 are
Ct = D1−αt (W )φ(t, x, y, z, w) + J(W,φt),
Cx = Wφx + φ(t, x, y, z, w)uxy,
Cy = φ(t, x, y, z, w)(D1−αt u− (uxx + uyy + uzz + uww)) +Wφy + φ(t, x, y, z, w)uyy,
Cz = Wφz + φ(t, x, y, z, w)uzy,
Cw = Wφw + φ(t, x, y, z, w)uyw,
W = −uy. (95)
The components of the conserved vectors for Γ63 are
Ct = D1−αt (W )φ(t, x, y, z, w) + J(W,φt),
Cx = Wφx + φ(t, x, y, z, w)uxz,
Cy = Wφy + φ(t, x, y, z, w)uyz,
Cz = φ(t, x, y, z, w)(D1−αt u− (uxx + uyy + uzz + uww)) +Wφz + φ(t, x, y, z, w)uzz,
Cw = Wφw + φ(t, x, y, z, w)uwz,
W = −uz.
(96)
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The components of the conserved vectors for Γ64 are
Ct = D1−αt (W )φ(t, x, y, z, w) + J(W,φt),
Cx = Wφx + φ(t, x, y, z, w)uxw,
Cy = Wφy + φ(t, x, y, z, w)uyw,
Cz = Wφz + φ(t, x, y, z, w)uzw,
Cw = φ(t, x, y, z, w)(D1−αt u− (uxx + uyy + uzz + uww)) +Wφw + φ(t, x, y, z, w)uww,
W = −uw. (97)
The components of the conserved vectors for Γ65 are
Ct = D1−αt (W )φ(t, x, y, z, w) + J(W,φt),
Cx = −yφ(t, x, y, z, w)(D1−αt u− (uxx + uyy + uzz + uww)) +Wφx − φ(yuxx − (uxy + uy)),
Cy = xφ(t, x, y, z, w)(D1−αt u− (uxx + uyy + uzz + uww)) +Wφy − φ((ux + uxy)− xuyy),
Cz = Wφz + φ(t, x, y, z, w)(yuxz − xuyz),
Cw = Wφw + φ(t, x, y, z, w)(yuxw − xuyw),
W = yux − xuy. (98)
The components of the conserved vectors for Γ66 are
Ct = D1−αt (W )φ(t, x, y, z, w) + J(W,φt),
Cx = Wφx + φ(t, x, y, z, w)(yuxz − zuxy),
Cy = zφ(t, x, y, z, w)(D1−αt u− (uxx + uyy + uzz + uww)) +Wφy − φ(t, x, y, z, w)((uz + uzy)− zuyy),
Cz = −yφ(t, x, y, z, w)(D1−αt u− (uxx + uyy + uzz + uww)) +Wφz − φ(t, x, y, z, w)(yuzz − (uy + uyz)),
Cw = Wφw + φ(t, x, y, z, w)(yuzw − zuyw),
W = yuz − zuy. (99)
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The components of the conserved vectors for Γ67 are
Ct = D1−αt (W )φ(t, x, y, z, w) + J(W,φt),
Cx = Wφx + φ(t, x, y, z, w)(wuxy − yuxw),
Cy = −wφ(t, x, y, z, w)(D1−αt u− (uxx + uyy + uzz + uww)) +Wφy − φ(t, x, y, z, w)(wuyy − (yuwy + uw)),
Cz = Wφz + φ(t, x, y, z, w)(wuyz − yuwz),
Cw = yφ(t, x, y, z, w)(D1−αt u− (uxx + uyy + uzz + uww)) +Wφw − φ(t, x, y, z, w)((wuyw + uy)− yuww),
W = wuy − yuw. (100)
The components of the conserved vectors for Γ69 are
Ct = D1−αt (W )φ(t, x, y, z, w) + J(W,φt),
Cx = zφ(t, x, y, z, w)(D1−αt u− (uxx + uyy + uzz + uww)) +W (φx)− φ(t, x, y, z, w)((xuxz + uz)− zuxx),
Cy = Wφy + φ(t, x, y, z, w)(xuzy − zuxy),
Cz = −xφ(t, x, y, z, w)(D1−αt u− (uxx + uyy + uzz + uww)) +Wφz − φ(t, x, y, z, w)(xuzz − (zuxz + ux)),
Cw = Wφw + φ(t, x, y, z, w)(xuzw − zuxw),
W = xuz − zux. (101)
The components of the conserved vectors for Γ610 are
Ct = D1−αt (W )φ(t, x, y, z, w) + J(W,φt),
Cx = −wφ(t, x, y, z, w)(D1−αt u− (uxx + uyy + uzz + uww)) +Wφx − φ(t, x, y, z, w)(wuxx − (xuxw + uw)),
Cy = Wφy + φ(t, x, y, z, w)(wuxy − xuwy),
Cz = Wφz + φ(t, x, y, z, w)(wuxz − xuwz),
Cw = xφ(t, x, y, z, w)(D1−αt u− (uxx + uyy + uzz + uww)) +Wφw − φ((wuxw + ux)− xuww),
W = wux − xuw. (102)
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The components of the conserved vectors for Γ611 are
Ct = D1−αt (W )φ(t, x, y, z, w) + J(W,φt),
Cx = Wφx + φ(t, x, y, z, w)(wuxz − zuxw),
Cy = Wφy + φ(t, x, y, z, w)(wuyz − zuyw),
Cz = −wφ(t, x, y, z, w)(D1−αt u− (uxx + uyy + uzz + uww)) +Wφz − φ(t, x, y, z, w)(wuzz − (zuwz + uw)),
Cw = zφ(t, x, y, z, w)(D1−αt u− (uxx + uyy + uzz + uww)) +Wφw − φ((uz + uzw)− zuww),
W = wuz − zuw. (103)
The components of the conserved vectors for Γ612 are
Ct = 2tφ(t, x, y, z, w)(D1−αt u− (uxx + uyy + uzz + uww)) +D
1−α
t (W )φ(t, x, y, z) + J(W,φt),
Cx = αxφ(t, x, y, z, w)(D1−αt u− (uxx + uyy + uzz + uww)) +Wφx − φ(t, x, y, z, w)((α− 1)ux
− α(ux + xuxx)− αyuxy − αzuxz − αwuxw − 2tuxt),
Cy = αyφ(t, x, y, z, w)(D1−αt u− (uxx + uyy + uzz + uww)) +Wφy − φ(t, x, y, z, w)((α− 1)uy
− α(uy + yuyy)− αxuxy − αzuzy − αwuwy − 2tuyt),
Cz = αzφ(t, x, y, z, w)(D1−αt u− (uxx + uyy + uzz + uww)) +Wφz − φ(t, x, y, z, w)((α− 1)uz
− αxuxz − αyuyz − α(uz + zuzz)− αwuwz − 2tuzt),
Cw = αwφ(t, x, y, z, w)(D1−αt u− (uxx + uyy + uzz + uww)) +Wφw − φ(t, x, y, z, w)((α− 1)uw
− αxuxw − αyuyw − αzuzw − α(uw + wuww)− 2tuwt),
W = u(α− 1)− αxux − αyuy − αzuz − αwuw − 2tut.
(104)
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For Γ613 the components of the conserved vectors are
Ct = D1−αt (W )φ(t, x, y, z, w) + J(W,φt),
Cx = Wφx − φ(t, x, y, z, w)ux,
Cy = Wφy − φ(t, x, y, z, w)uy,
Cz = Wφz − φ(t, x, y, z, w)uz,
Cw = Wφw − φ(t, x, y, z, w)uw,
W = u. (105)
For Γ614 the components of the conserved vectors are
Ct = D1−αt (W )φ(t, x, y, z, w) + J(W,φt),
Cx = Wφx − φ(t, x, y, z, w)Fx,
Cy = Wφy − φ(t, x, y, z, w)Fy,
Cz = Wφz − φ(t, x, y, z, w)Fz,
Cw = Wφw − φ(t, x, y, z, w)Fw,
W = F (t, x, y, z, w). (106)
9.4 The conservation laws for the n-dimensional time-fractional heat
equation
The conservations laws for each of the symmetry Γ7j , j = 1, 2, ..5 can be summarised as:
Ct = ξ0L+D1−αt (W )φ(t, x, y, z, w) + J(W,φt),
Cxi = ξiL+W
(
∂L
∂uxi
−Dxi
∂L
∂uxixi
)
+Dxi(W )
∂L
∂uxixi
, i = 1, 2, ....n.
(107)
The terms L, W , ξ0 and ξi for various integral values of i, are already defined in the prelimi-
naries.
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10 Concluding remarks and discussion
We have investigated time-fractional heat equation using Lie symmetries and obtaining a clas-
sification of these symmetries.
We note that for all dimensions, when we consider the case 0 < α < 1, we lose the translational
symmetry, ∂t, as explained in Gazizov et al (2009).
The number of symmetries is reduced significantly and the differences in Lie Algebras for the
fractional- and integeral-order PDEs can be attributed to this fact. The significance of the
reduction in conservation laws for the fractional form of the nonfractional case can be a matter
of further research..
According to Myeni and Leach (2009) in the case of linear ODEs the number of solution
symmetries is equal to the order of the equation. From this paper we see that for integer-order
linear PDEs the number of solution symmetries is equal to the product of the order and space
dimension, whereas for the fractional PDEs it is half of the product of the order and space
dimension.
We have generalised the number of symmetries we can find for an n-dimensional time-fractional
heat equation. For the case of α = 1 the number of symmetries for the n-dimensional case is,
1
2
(n2 + 3n+ 10).
In the case of 0 < α < 1 the number of symmetries is,
1
2
(n2 + n+ 6).
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